Because of the age of relics and the lack of historical data, the geometric forms of missing parts can only be judged by the subjective experience of repair personnel, which leads to varying restoration effects when the geometric structure of the complex relic is reconstructed. Therefore, virtual repair effects cannot fully reflect the historical appearance of cultural relics. In order to solve this problem, this paper presents a virtual restoration method based on the multiscale spatial geometric features of cultural relics in the case of complex construction where the geometric shape of the damaged area is unknown, using the Dazu Thousand-Hand Bodhisattva statue in China as an example. In this study, the global geometric features of the three-dimensional (3D) model are analyzed in space to determine the geometric shape of the damaged parts of cultural relics. The local geometric features are represented by skeleton lines based on regression analysis, and a geometric size prediction model of the defective parts is established, which is used to calculate the geometric dimensions of the missing parts. Finally, 3D surface reconstruction technology is used to quantitate virtual restoration of the defective parts. This method not only provides a new idea for the virtual restoration of artifacts with complex geometric structure, but also may play a vital role in the protection of cultural relics.
Introduction
Computer-aided restoration of cultural heritage relics has made substantial progress, yet it still faces major challenges when the geometry of the damaged parts of artifacts is unknown. Due to the lack of reliable evidence for restoration, the geometry of the missing parts of many artifacts cannot be specified. As a result, for the same piece of an artifact, different persons may repair its incomplete parts differently, and its true historical appearance cannot be determined. As shown in Figure 1 , in a part of the Dazu Thousand-Hand Bodhisattva statue, due to its long history and erosion, the index finger is missing. In order to provide a reference for the actual repair of this finger, a computer may be used to perform virtual restoration. However, due to a lack of reliable evidence for the virtual restoration, different restoration methods can lead to different repair results (see Figure 1b- Therefore, for damaged and missing parts of an artifact, it is essential to find evidence for virtual restoration by analyzing its basic geometry in the same period or of the same type, so that the effect of virtual restoration can be close to its true historical appearance. This not only helps with the threedimensional display of artifacts, but also provides a more accurate repair plan for artifact protection, so that valuable historical artifacts can be continuously preserved. Hence, this problem has become an important and timely issue that needs to be solved in the field of virtual artifact restoration.
In response to these problems, this paper presents a virtual restoration method for artifacts with complex geometric structure based on multiscale spatial geometric features, by using virtual restoration of defective fingers in the Dazu Thousand-Hand Bodhisattva statue as an example. In this study, the basic geometric features of the missing parts are determined by analyzing the global geometric features, such as the symmetry and similarity of the three-dimensional models. Highprecision three-dimensional models of cultural relics are extracted from the skeleton lines as the local geometric features of the relics, and the geometric dimensions of the missing parts are determined by mathematical analysis.
The paper is organized as follows. After this introduction, some related works are reviewed in Section 2, and Section 3 introduces the overall process of the proposed method and the key methods in the process. Section 4 describes the experimental application of the proposed method using the Dazu Thousand-Hand Bodhisattva statue. Section 5 provides some discussion about the method. Section 6 concludes the paper with observations obtained from this study.
Related Works
In the field of virtual artifact restoration, some progress has already been made with regard to the technologies used for virtual restoration of broken artifacts. For example, Su [1] used historical Therefore, for damaged and missing parts of an artifact, it is essential to find evidence for virtual restoration by analyzing its basic geometry in the same period or of the same type, so that the effect of virtual restoration can be close to its true historical appearance. This not only helps with the three-dimensional display of artifacts, but also provides a more accurate repair plan for artifact protection, so that valuable historical artifacts can be continuously preserved. Hence, this problem has become an important and timely issue that needs to be solved in the field of virtual artifact restoration.
In response to these problems, this paper presents a virtual restoration method for artifacts with complex geometric structure based on multiscale spatial geometric features, by using virtual restoration of defective fingers in the Dazu Thousand-Hand Bodhisattva statue as an example. In this study, the basic geometric features of the missing parts are determined by analyzing the global geometric features, such as the symmetry and similarity of the three-dimensional models. High-precision three-dimensional models of cultural relics are extracted from the skeleton lines as the local geometric features of the relics, and the geometric dimensions of the missing parts are determined by mathematical analysis.
In the field of virtual artifact restoration, some progress has already been made with regard to the technologies used for virtual restoration of broken artifacts. For example, Su [1] used historical records, pictures, and an analysis of the style of the Qingzhou Buddha statues to restore one of the statues by computer. However, due to their long history, no reliable information is available for many artifacts. Many researchers [2] [3] [4] have investigated techniques for extraction and matching of surface boundaries of artifact fragments to provide more reliable repair information. For example, Fan [5] applied shape matching of complementary three-dimensional (3D) polygonal arcs under the constraint of tangent vector across boundaries and achieved automated restoration of fragmented artifacts. Huang et al. [6] used spatial surface-matching techniques in a study of automated assembly of artifact fragments. Wang [7] developed an improved Hausdorff distance-matching algorithm for assembling fragmented artifacts, and applied this algorithm in virtual artifact restoration. Li [8] proposed an algorithm for the restoration of broken rigid bodies based on the matching of fracture surfaces, and showed that this method could be used for accurate assembly of relatively complex artifact fragments for restoration. Geoffrey et al. [9] achieved automated assembly of thin artifact fragments under the condition that the geometry of the artifact was unknown. This method is of important reference value to the virtual restoration of hollow artifacts, such as ceramic containers, bowls, and vases. However, all the above methods only apply to situations where all fragments of the broken artifacts are available and substantially preserved, and it is still difficult to perform virtual restoration of artifacts with missing parts.
In order to recover artifacts with missing parts in damaged areas, some scholars have proposed methods to estimate the geometry of the missing parts based on the symmetry of the artifact, in order to ensure the reliability of virtual restoration results. Li et al. [10] proposed a geometric method that estimates the symmetry axis of broken artifacts to obtain information on the generatrix of the artifact fragments, and applied this method to successfully restore an artifact model with inner and outer surfaces. Yang et al. [11] discussed the framework of a computer-aided artifact restoration system. They used quadratic surface fitting to calculate the normal vectors, and applied straight-line geometric methods to calculate the rotary axis of the entire object, in order to improve the precision of the calculation on the rotary axis. With this method, they successfully restored artifact fragments in the shape of common rotating bodies. Willis et al. [12] performed recombination on ceramic fragments with axial symmetry, and applied this method in the restoration of artifacts that show the property of axial symmetry. However, the application of the above methods is limited to broken artifacts with axial symmetry, such as bowls and pots. For artifacts in which the missing parts do not have a regular geometry, it is still challenging to obtain evidence for restoration.
Among the studies of virtual restoration of damaged artifacts with complex geometric configurations, researchers have used the constraints on local geometric features of the surface of the artifact model to create a smooth repair of missing parts [13] [14] [15] . In order to conduct virtual restoration of artifacts with relatively abundant geometric texture on the surface, Henning et al. [16] proposed an interactive cut-and-paste method based on multiresolution subdivision surfaces for texture restoration of three-dimensional artifact models. Yu et al. [17] used Poisson's equation as the theoretical basis to provide mesh editing, deformation, consolidation, and smoothing operations of artifact models. Wei [18] applied carving on the surface of the artifact model, as well as cutting and pasting the geometric texture and other operations to repair the damaged area of the artifact model. However, although these methods achieve free editing and operations on the surface of the artifact's model so that the artifact could be restored to a shape that met the restorer's expectations, it could not be reliably repaired by this method. In response to this, one research institute recombined the fragments of a terracotta statue damaged in a 2009 earthquake and used the geometric shape of the right hand of the statue as a reference for virtual restoration of the missing left hand, followed by exploring the restoration of its polychrome decoration (2013). Lu et al. [19] and Lu et al. [20] applied a method based on the matching of rigid surfaces, and performed a virtual restoration of damaged Buddha faces in artifact restoration and protection of the Bayon Temple in Cambodia, utilizing the characteristic that the four faces in the same spire bear similarities. Wu et al. [21] conducted virtual restoration on damaged hands of the rock carving of the Dazu Thousand-Hand statue, but their study mainly focused on damage to the surface area of the three-dimensional artifact modeler for incomplete statue hands that have missing parts, and these studies found no reliable evidence for the restoration.
Methodology

Overall Process of the Proposed Method
This research aims to achieve accurate and objective virtual restoration of damaged cultural relics with complex geometry. To solve the problem of virtual restoration to diversify the results, the proposed method was used to analyze the spatial geometric features of 3D cultural relic models under multiscales. That analysis can obtain historical information on the geometric shapes and sizes of the missing parts. On this basis, the result can show the historical origin of the relics. The whole process of virtual repair is shown in Figure 2 . incomplete statue hands that have missing parts, and these studies found no reliable evidence for the restoration.
Methodology
Overall Process of the Proposed Method
This research aims to achieve accurate and objective virtual restoration of damaged cultural relics with complex geometry. To solve the problem of virtual restoration to diversify the results, the proposed method was used to analyze the spatial geometric features of 3D cultural relic models under multiscales. That analysis can obtain historical information on the geometric shapes and sizes of the missing parts. On this basis, the result can show the historical origin of the relics. The whole process of virtual repair is shown in Figure 2 . The overall process is divided into two aspects: the first is to analyze the global geometric characteristics of the cultural relics on a large-scale model, and the second is to analyze the local geometric features on fine models with small scale. In the global space geometry analysis, the purpose is to find the geometric information of the defective part in the relic, then analyze the symmetry of the whole object. Using this method, the geometric reference samples of the defect object are usually obtained.
Further, in order to solve the condition of similar geometric shape but different proportion, the local geometric features of the cultural relic needs to be analyzed. This study uses the skeleton line of fine model to express the local geometric characteristics, because the skeleton line can express the geometric shape of each finger and its topologic relation while ignoring unwanted model surface noise. Through the statistics and analysis of artifacts in geometric characteristics, especially the skeleton line, the goal of local space geometry analysis is to establish a prediction model of the size of missing parts in relics. It is important to note that the limitations of the predictive model lie in the fact that artifacts are required to be grouped together or that subregions are grouped in a whole artifact.
Through these steps, the geometric shape and actual size of the missing part can be found. These are the constraints of virtual restoration of cultural relics. It is important that the constraint conditions are analyzed by the geometric characteristics of the relics so that the constraint conditions are in accordance with the history. After that, 3D reconstruction technology is used for virtual repair.
Global Spatial Geometry Characteristics Analysis
The analysis of global spatial geometry characteristics is mainly divided into two steps, spatial geometry, and similarity analysis. The geometric construction of cultural relics divides the relics into several subregions through a certain kind of spacing mechanism. The purpose of the geometric feature analysis of the entire cultural relic space is to examine the premise of whether there is any connection between geometries shown in relics. If this assumption holds, the inherent relationships between geometric constructs can be used to support the virtual restoration of artifacts. For example, after the cultural relics are divided into regions, they may exhibit spatial symmetry. In this way, the geometric similarity between structures can be utilized to obtain geometric references of artifacts. Geometric analysis of the space can vary according to the geometry of different artifacts, but the main considerations include the overall size of the artifacts, the overall axis of symmetry, and the center of the whole artifact.
Local Geometric Characteristics Analysis
Extraction of Skeleton Line
The local geometric features of cultural relics can usually be calculated by geometric calculation on the 3D model, but simple calculation cannot get accurate results on the skeleton line. Furthermore, the skeleton line of a 3D model of a cultural relic refers to the one-dimensional representation of the three-dimensional model geometry and its topologic structure. The three-dimensional model of complex geometric structure is expressed by the skeleton line, which not only reflects its local geometric features, but also preserves its topologic relation. The 3D model of the relic is expressed in this form, which makes it easier to analyze the local geometric features. Therefore, the skeleton line is of great significance to the virtual restoration of cultural relics.
For the extraction of skeleton lines of 3D models, the method based on the Laplace operator, proposed by Au [22] , is adopted and improved by taking into account the topology and centrality of the skeleton lines.
The algorithm is divided into three steps: geometric contraction, skeleton simplification, and node fine-tuning.
1.
The geometric contraction process can be expressed as follows:
Step
, where L is an n × n weighted Laplace operator of curvature flow, V is a vertex of the manifold, and W t L and W t L are both n × n weighted diagonal matrices. These two matrices are used to balance the contraction strength and constraint of shape preservation during the iterative contraction process. The ith element in the diagonal matrix
Step 2: Use the newly obtained solution V t+1 to update L t+1 .
Step 3: Update the contraction weight and the constraint weight. A is the area of the first-ring triangle mesh with i as the vertex in the triangulation model, and S L is the contraction step from the origin to the L vertex, where
Step 4: The condition for terminating the iteration is reached when the ratio of the model volume after contraction and the original model volume is less than 1 × 10 −5 . If the termination condition is not reached, go back to Step 1; otherwise, the iteration is terminated.
2.
Skeleton simplification is a method for further converting this mesh model of approximately zero volume to one-dimensional skeleton lines.
In this process, we define a quadratic error matrix K ij for each edge (i, j) in the model (see Equation (3)). A matrix method based on the distance between the midpoint and the line of space can be obtained. The quadratic error measure of point p to its opposite side is P T K T ij K ij P.
where a is the normalized edge vector of edge (i, j), and b = a ×V i . As shown in Equation (4), the initial quadratic error of vertex i is the sum of squares of the distance from the point to its associated edge
In the process of simplification, in order to guarantee the shape of the skeleton line as much as possible, the quadratic error measure produced by folding an edge (i, j) is
In this simplification algorithm, the method based on the quadratic error may easily cause oversimplification of the skeleton nodes when the geometry of the finger is close to a straight line. Hence, to ensure that the skeleton nodes with relatively even density on fingers with different curvatures in the same statue hand are obtained, the weights to appropriately amplify the quadratic errors in the model where the finger is approximately a straight line are added.
Thus, the overall quadratic error is the weighted sum of the above two parts of quadratic errors
3.
In the node fine-tuning process, the generated skeleton nodes are divided into three categories: regular nodes, branch nodes, and terminal nodes. Assuming the upper and lower boundaries of the region is set and each boundary contains a vertex set S j that includes vertices in the original model, the weighted average displacement of the vertex d j in the boundary can be expressed by Equation (8)
where l j,i is the sum of the two adjacent sides converging to vertex i in the first ring boundary j.
For ordinary nodes, there are only two adjacent edges in the skeleton point. Since the skeleton nodes correspond to the two ring boundaries d 1 and d 2 in the original model, the spatial coordinates of the skeleton points are adjusted to
where V is the spatial coordinates of the skeleton point. For branch nodes that have three or more adjacent edges, in order to make the skeleton line of the model more in line with the topological relations among the geometric structures of the model ontology, it is necessary to merge the branch nodes that are too close. It should be noted that for models with different geometric constructions, the thresholds for branch node merging need to be adjusted according to the actual situation. Moreover, the centrality of the skeleton point of the branch node is adjusted to
The last kind of skeleton nodes are called end nodes, which are characterized by one point with only one adjacent edge. The fine-tuning method for this class of vertices is
Prediction Model
In this study, regression analysis is used to fit the prediction model, which is used to calculate the length of broken relics (in this study, the finger length), to obtain reliable references for the restoration. The equation of the model is Y =â +bx (12) 
x i , x and y represent the lengths of two fingers on the same hand, i is the ith sample, and n is the number of samples.
Results and Analysis
Experimental Artifact
To test the proposed method, the Dazu Thousand-Hand Bodhisattva statue in China was chosen as the study artifact, as shown in Figure 3a . This artifact is located in section no. 8 of the South Cliff of the Giant Buddha Bay in Baodingshan, Dazu District, Chongqing City. The Thousand-Hand statue was carved in the Southern Song Dynasty, dating back over 800 years. It is one of the most exquisite parts of the Dazu rock carvings. The Dazu Thousand-Hand Bodhisattva statue is famous for having nearly 1000 hands in different forms and holding different ritual instruments, positioned in a radial arrangement. The entire statue is covered with gold foil, showing a magnificent appearance, vivid forms, and resplendent gold color. However, due to its long history and environmental factors, damage such as rock weathering and peeling of the gold foil have occurred (Figure 3b ). Because of this damage, many fingers in the hands are completely or partially missing, so that the rock statue can no longer faithfully represent its historical appearance, seriously affecting archaeological research. Hence, using three-dimensional laser scanning to digitize the geometry of the statue and perform virtual restoration of the incomplete fingers, aiming to precisely restore the statue's historical appearance, is important to both the protection of this artifact and archaeological research.
(a) (b) 
Experimental Data
The data used in our research included different scales of three-dimensional point clouds. The three-dimensional point clouds of the whole shrine of the Dazu Thousand-Hand Bodhisattva statue were acquired using a FARO LS420 scanner (Figure 4a ) with high measurement accuracy (position 3-6 mm, sampling density 1 mm). These data were mainly used to construct a triangular mesh model of the whole niche. During the construction process, the original point cloud data needed to be preprocessed, including point cloud denoising and station. Because of the large size of the Guanyin statue, multistation data were required to be able to scan it intact. The complete model was formed by splicing the repeated parts between the stations. Finally, after repairing some holes caused by disease or occlusion of cultural relics, the three-dimensional model was built by the point cloud model encapsulation as shown in Figure 5a .
A CimCore Infinite 2.0 articulating arm (Figure 4b ) was used to obtain finer scanning data (position 0.045 mm, sampling density 0.1 mm) of the hands and Dharma instruments by doing meticulous scanning one by one. These data were used to construct a high-precision triangular mesh model of the statue hands. These data show the detailed geometry of the Guanyin hands and the geometric texture of the surface. The difference with the above process is that after preprocessing the point cloud data, some redundant data caused by disease on the model surface, as the gold foil is missing from the surface, needed to be deleted. 
Global Spatial Geometry Characteristics Analysis
Spatial Partition
The purpose of partitioning the Thousand-Hand Bodhisattva statue was to facilitate spatial analysis. According to the partitioning, each hand was given a unique identification. In the experiment, the whole statue was divided into a nine-by-nine grid, ending up with 81 areas covering the whole area. The lower left corner was the origin. The serial number of each hand was a combination of line number, column number, and number of hands in the area (Figure 6a ). For example, the ID 9-7-s3 represents the third hand from the spectator at row 9, column 7 ( Figure 6b ). 
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Spatial Partition
Spatial Geometry Analysis
It was important to determine the center point of the Dazu Thousand-Hand Bodhisattva statue to analyze the spatial distribution of the hands. Through three-dimensional measurement and statistics on the triangular mesh models that were reconstructed by point clouds, the results showed that the statue is about 7.5 m high and 10.59 m wide ( Figure 5 ). Furthermore, there are 830 hands, of which 599 are relatively well maintained. In the three-dimensional model shown in Figure 5a , the curved boundary on both sides of the statue can fit into an approximate ellipse. The basic parameters of the ellipse are as follows: long axis (vertical direction) 12.5 m, short axis (horizontal direction) 10.59 m, and flat curvature 0.85. The center of the ellipse is measured by the origin. The objects are measured at the center of the ellipse. The result is that the upper boundary of the center is 3.70 m, the lower boundary of the statue is 3.80 m, and the boundary between the left and right sides is 5.30 m (see Figure 7a ). In addition, the center of the ellipse is basically coincident with an extremely important and very special place called the "sky eye" on the Dazu Thousand-Hand Bodhisattva statue. Figure 7b shows the positions of the center and "sky eye". In this study, the "sky eye" is considered to be the center of the whole statue. It is very important to analyze the symmetry of cultural relics. Through this position, the cultural relic can be divided vertically into left and right halves. On the two sides of the vertical bisector, the spectator can appreciate the characteristics of spatial symmetry and similar geometric morphology. In the three-dimensional model shown in Figure 5a , the curved boundary on both sides of the statue can fit into an approximate ellipse. The basic parameters of the ellipse are as follows: long axis (vertical direction) 12.5 m, short axis (horizontal direction) 10.59 m, and flat curvature 0.85. The center of the ellipse is measured by the origin. The objects are measured at the center of the ellipse. The result is that the upper boundary of the center is 3.70 m, the lower boundary of the statue is 3.80 m, and the boundary between the left and right sides is 5.30 m (see Figure 7a ). In addition, the center of the ellipse is basically coincident with an extremely important and very special place called the "sky eye" on the Dazu Thousand-Hand Bodhisattva statue. Figure 7b shows the positions of the center and "sky eye". In this study, the "sky eye" is considered to be the center of the whole statue. It is very important to analyze the symmetry of cultural relics. Through this position, the cultural relic can be divided vertically into left and right halves. On the two sides of the vertical bisector, the spectator can appreciate the characteristics of spatial symmetry and similar geometric morphology. 
Analysis of Global Geometric Similarity
The purpose of analyzing the symmetries of the Dazu Thousand-Hand Bodhisattva statue is to find similar hands in the statue. The approximate geometric shape of a damaged hand can be obtained through similarities detected by the spectator. This study identifies similar hands through global geometric features and related religious knowledge, mainly including the following:
1. Symmetry of hand positions, whether the positions of both hands are based on the centerline symmetry of the statue. 2. Geometrical morphology, the main factor that determines whether the similarity of the geometric form of a symmetrical hand is the geometric form of each finger. Usually, each hand represents a gesture, which has a special religious meaning. Therefore, it is possible to check whether symmetrical hands express the same gesture. Finally, it can be judged by whether the hands hold the same instrument. 3. Neighboring relations, whether the hand adjacent to the target hand is symmetrical and similar in shape.
Based on the above principles, two corresponding hands can be found as the left hand and the right hand. If one of them is well preserved, it can provide a geometric reference to the corresponding broken one. 
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Analysis of Global Geometric Similarity
Symmetry of hand positions, whether the positions of both hands are based on the centerline symmetry of the statue.
2.
Geometrical morphology, the main factor that determines whether the similarity of the geometric form of a symmetrical hand is the geometric form of each finger. Usually, each hand represents a gesture, which has a special religious meaning. Therefore, it is possible to check whether symmetrical hands express the same gesture. Finally, it can be judged by whether the hands hold the same instrument.
3.
Neighboring relations, whether the hand adjacent to the target hand is symmetrical and similar in shape.
Based on the above principles, two corresponding hands can be found as the left hand and the right hand. If one of them is well preserved, it can provide a geometric reference to the corresponding broken one.
Analysis of Local Geometric Characteristics
Extraction of Skeleton Line
The method for extracting skeleton lines was applied to the statue. After several experimental rounds, the iteration parameters for the three-dimensional model of the statue were obtained as follows: contraction strength W 0 L = 77.56, contraction step S 0 = 2.0, shape preservation constraint W 0 H = 1.0. Figure 8 shows the process of the iterative contraction of the triangulation model of this statue hand. Each iteration is, in essence, one mesh contraction of the model. The shape preservation constraint of each vertex was then updated to ensure that the model contraction continues while preserving the key geometric details on the surface. The method for extracting skeleton lines was applied to the statue. After several experimental rounds, the iteration parameters for the three-dimensional model of the statue were obtained as follows: contraction strength = 77.56, contraction step = 2.0, shape preservation constraint = 1.0. Figure 8 shows the process of the iterative contraction of the triangulation model of this statue hand. Each iteration is, in essence, one mesh contraction of the model. The shape preservation constraint of each vertex was then updated to ensure that the model contraction continues while preserving the key geometric details on the surface. The method for extracting skeleton lines was applied to the statue. After several experimental rounds, the iteration parameters for the three-dimensional model of the statue were obtained as follows: contraction strength = 77.56, contraction step = 2.0, shape preservation constraint = 1.0. Figure 8 shows the process of the iterative contraction of the triangulation model of this statue hand. Each iteration is, in essence, one mesh contraction of the model. The shape preservation constraint of each vertex was then updated to ensure that the model contraction continues while preserving the key geometric details on the surface. Figure 10 shows the results of node fine-tuning. In view of the characteristics of the three-dimensional model of the hand in the statue, the topologic relation and the separation of some skeletons from the surface of the model are improved. The red dots and yellow lines are key skeleton nodes and lines, respectively, before taking into consideration tuning with centrality. The white dots and blue lines are the key skeleton nodes and lines, respectively, after the fine-tuning. As can be seen from the figure, after applying the fine-tuning algorithm that takes centrality into account, the key skeleton nodes at the thumb junction and between the little finger and the palm are moved to the correct positions. In addition, after the fine-tuning, the topologic relationships between the skeleton lines are more in line with the biological structure of human hands. Figure 11 illustrates the multiangle display of the skeleton lines extracted from the three-dimensional model using the skeleton line extraction algorithm that takes centrality into account. Figure 10 shows the results of node fine-tuning. In view of the characteristics of the threedimensional model of the hand in the statue, the topologic relation and the separation of some skeletons from the surface of the model are improved. The red dots and yellow lines are key skeleton nodes and lines, respectively, before taking into consideration tuning with centrality. The white dots and blue lines are the key skeleton nodes and lines, respectively, after the fine-tuning. As can be seen from the figure, after applying the fine-tuning algorithm that takes centrality into account, the key skeleton nodes at the thumb junction and between the little finger and the palm are moved to the correct positions. In addition, after the fine-tuning, the topologic relationships between the skeleton lines are more in line with the biological structure of human hands. Figure 11 illustrates the multiangle display of the skeleton lines extracted from the three-dimensional model using the skeleton line extraction algorithm that takes centrality into account. Figure 10 shows the results of node fine-tuning. In view of the characteristics of the threedimensional model of the hand in the statue, the topologic relation and the separation of some skeletons from the surface of the model are improved. The red dots and yellow lines are key skeleton nodes and lines, respectively, before taking into consideration tuning with centrality. The white dots and blue lines are the key skeleton nodes and lines, respectively, after the fine-tuning. As can be seen from the figure, after applying the fine-tuning algorithm that takes centrality into account, the key skeleton nodes at the thumb junction and between the little finger and the palm are moved to the correct positions. In addition, after the fine-tuning, the topologic relationships between the skeleton lines are more in line with the biological structure of human hands. Figure 11 illustrates the multiangle display of the skeleton lines extracted from the three-dimensional model using the skeleton line extraction algorithm that takes centrality into account. 
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Prediction of Finger Length
Through the skeleton line extraction algorithm, the lengths of the skeletons of fingers indicate the real lengths of the fingers. Then, calculated finger lengths of the well-preserved hands are classified by thumb, forefinger, middle finger, ring finger, and little finger. Finally, the regression analysis method can be used to construct a mathematical model, which is a computational model of mathematical relations between various fingers. For the same hand, using the prediction model, the length of the broken finger can be estimated.
In the experiment, 66 well-preserved hands were identified on the Dazu Thousand-Hand Bodhisattva statue. Taking the index and middle fingers as an example to extract the length of the skeleton line, regression analysis was performed to check whether there was a linear relationship between different fingers.
Hypothesis Testing and Anomaly Detection
As shown in Figure 12a , a linear relationship can be observed. However, it is also obvious that there is a small number of outlier points (red dots). These unusual points may be caused by the hand grip, or by the natural form of the stone wall. Therefore, in order to ensure the accuracy of the proposed model, the anomaly points need to be excluded. In this paper, three statistical indices are used to detect abnormal points: centered leverage value, studentized deleted residual, and Cook's distance. Among them, the first two indices mainly detect a single finger length anomaly, the experimental selection centered leverage value is less than 0.03, and the studentized deleted residual is between (-1, 1). The final index is used to detect the imbalance of the finger ratio, which is less than 0.01. After the anomaly detection, six sets of data were excluded, shown by red dots in Figure 12b . classified by thumb, forefinger, middle finger, ring finger, and little finger. Finally, the regression analysis method can be used to construct a mathematical model, which is a computational model of mathematical relations between various fingers. For the same hand, using the prediction model, the length of the broken finger can be estimated. In the experiment, 66 well-preserved hands were identified on the Dazu Thousand-Hand Bodhisattva statue. Taking the index and middle fingers as an example to extract the length of the skeleton line, regression analysis was performed to check whether there was a linear relationship between different fingers.
As shown in Figure 12a , a linear relationship can be observed. However, it is also obvious that there is a small number of outlier points (red dots). These unusual points may be caused by the hand grip, or by the natural form of the stone wall. Therefore, in order to ensure the accuracy of the proposed model, the anomaly points need to be excluded. In this paper, three statistical indices are used to detect abnormal points: centered leverage value, studentized deleted residual, and Cook's distance. Among them, the first two indices mainly detect a single finger length anomaly, the experimental selection centered leverage value is less than 0.03, and the studentized deleted residual is between (-1, 1). The final index is used to detect the imbalance of the finger ratio, which is less than 0.01. After the anomaly detection, six sets of data were excluded, shown by red dots in Figure 12b . 
Model Fitting
After the hypothesis testing and outlier point exclusion, the lengths of the index fingers and middle fingers of 60 hands were fitted to the prediction model ( Figure 12 ). The prediction model is Y = 0.8992x + 37.863 (13) where x is the length of the index finger and Y is the length of the middle finger. In this model, R 2 = 0.92087, and t test p value is 0.02, indicating that the prediction model has significant statistical significance. Two standard deviations were the length of the prediction interval, about 6.23 mm. This length can be fine-tuned as an aesthetic. 
Example of Virtual Restoration of Incomplete Hands
Model Fitting
After the hypothesis testing and outlier point exclusion, the lengths of the index fingers and middle fingers of 60 hands were fitted to the prediction model ( Figure 12 ). The prediction model is Y = 0.8992x + 37.863 (13) where x is the length of the index finger and Y is the length of the middle finger. In this model, R 2 = 0.92087, and t test p value is 0.02, indicating that the prediction model has significant statistical significance. Two standard deviations were the length of the prediction interval, about 6.23 mm. This length can be fine-tuned as an aesthetic.
Example of Virtual Restoration of Incomplete Hands
This section describes virtual restoration of the hand ID 9-7-s4 (Figure 13a ) on the Bodhisattva statue as an example. In this hand, the index finger is broken, and the middle finger, ring finger, and small finger have undergone weathering.
First, a similar hand, ID 9-5-s6 (Figure 13b) , was found by analyzing the spatial geometry. Hands ID 9-7-s4 (broken finger) and ID 9-5-s6 (basically intact fingers) are geometrically similar, and their spatial location is symmetric based on the statue's center (Figure 14a) . Furthermore, the hands adjacent to those two hands are also similar (Figure 14b) . Therefore, the geometric shape of the missing parts of hand 9-7-s4 can refer to hand 9-5-s6. This section describes virtual restoration of the hand ID 9-7-s4 (Figure 13a ) on the Bodhisattva statue as an example. In this hand, the index finger is broken, and the middle finger, ring finger, and small finger have undergone weathering.
First, a similar hand, ID 9-5-s6 (Figure 13b) , was found by analyzing the spatial geometry. Hands ID 9-7-s4 (broken finger) and ID 9-5-s6 (basically intact fingers) are geometrically similar, and their spatial location is symmetric based on the statue's center (Figure 14a) . Furthermore, the hands adjacent to those two hands are also similar (Figure 14b) . Therefore, the geometric shape of the missing parts of hand 9-7-s4 can refer to hand 9-5-s6.
(a) (b) Figure 13 . Photographs of missing fingers and their reference hands: (a) hand 9-7-s4; (b) hand 9-5-s6; which is the hand symmetric to 9-7-s4.
Second, the skeleton lines of the fingers in hand ID 9-7-s4 were extracted. Among them, the length of the middle finger is 241 mm, and the length of the current index finger (broken) is 110 mm. Through Equation (13) , it can be concluded that the length of the broken index finger should be 226 mm. Therefore, the finger length needs to be increased by 116 mm based on the geometric form of the index finger of 9-5-s6.
Finally, based on the geometric shape of the reference hand and the length of the finger calculated by the prediction model, the broken hand is repaired in a computer simulation. Geomagic 2017 commercial software was used to virtually recover the model by human-computer interaction. Figure 15 shows the results of this virtual restoration. Figure 13 . Photographs of missing fingers and their reference hands: (a) hand 9-7-s4; (b) hand 9-5-s6; which is the hand symmetric to 9-7-s4.
Finally, based on the geometric shape of the reference hand and the length of the finger calculated by the prediction model, the broken hand is repaired in a computer simulation. Geomagic 2017 commercial software was used to virtually recover the model by human-computer interaction. There are altogether 231 incomplete Guanyin hands. Some of them can be repaired directly because of their few incomplete parts and obvious geometric shape. According to the above virtual repair process, a total of 58 broken fingers were repaired. There are altogether 231 incomplete Guanyin hands. Some of them can be repaired directly because of their few incomplete parts and obvious geometric shape. According to the above virtual repair process, a total of 58 broken fingers were repaired. 
Discussion
In the virtual restoration of cultural heritage relics, the unknown geometries of damaged parts of artifacts present a huge challenge. How to make the virtual repair effect close to the historical appearance is a difficult problem in the absence of relevant historical records. This research used the Dazu Thousand-Hand Bodhisattva statue, part of China's world heritage, for the study. The virtual restoration effects were successfully applied to the conservation project of this cultural relic. The restoration workers refer to the virtual restoration effect provided by this method.
The method proposed in this paper not only can be used for virtual restoration of the Dazu Thousand-Hand Bodhisattva statue, but also can be applied to many other cultural relics. This is because many artifacts were designed and measured, not randomly constructed. Therefore, in most cases, cultural relics are regulated. If the tacit knowledge can be extracted by the geometric features of the relics and analyzed, this information can be used to recreate their historical shape and also provide a reference for the actual repair work. Therefore, if a cultural relic has a certain spatial distribution, or if there is a regression relationship between the different geometric parts, it can be repaired with the methods and ideas proposed in this paper. It is important to remember that the global geometric features are not limited to the cultural relic space symmetry, and the skeleton line is only one of the typical features of local geometry. In practical applications, according to the characteristics of cultural relics, different spatial geometry characteristics can be selected at different scales. Through the process of spatial and mathematical analysis, the implicit regulations of the spatial geometry of cultural relics can be discovered. At the same time, virtual restoration based on the geometric features of different scales can complement and verify each other. This also has great 
The method proposed in this paper not only can be used for virtual restoration of the Dazu Thousand-Hand Bodhisattva statue, but also can be applied to many other cultural relics. This is because many artifacts were designed and measured, not randomly constructed. Therefore, in most cases, cultural relics are regulated. If the tacit knowledge can be extracted by the geometric features of the relics and analyzed, this information can be used to recreate their historical shape and also provide a reference for the actual repair work. Therefore, if a cultural relic has a certain spatial distribution, or if there is a regression relationship between the different geometric parts, it can be repaired with the methods and ideas proposed in this paper. It is important to remember that the global geometric features are not limited to the cultural relic space symmetry, and the skeleton line is only one of the typical features of local geometry. In practical applications, according to the characteristics of cultural relics, different spatial geometry characteristics can be selected at different scales. Through the process of spatial and mathematical analysis, the implicit regulations of the spatial geometry of cultural relics can be discovered. At the same time, virtual restoration based on the geometric features of different scales can complement and verify each other. This also has great significance for archaeology. In summary, this method has strong reference and repeatability potential in the field of cultural relic restoration.
In future work, researchers could consider creating a 3D semantic database of the hands' 3D models and richly describe each one-such as geometric position, shape of gesture, etc.-in order to achieve semantics-based spatial analysis and retrieval. The advantage of this method is that on the basis of a geometric morphologic analysis of cultural relics, it can also use semantics to retrieve the symmetry and similarity of cultural relics, and it is easier to analyze the degree of matching.
Conclusions
This paper presents a practical method for virtual restoration of artifacts with complex geometric structures based on multiscale spatial geometry, especially those artifacts that have missing and broken parts and no proper documented information. In this paper, for the first time, the geometric shape and size of cultural relics are determined by analyzing the global and local geometric features. Based on this, objective virtual restoration of cultural relics is carried out. In the repair process, the spatial symmetry of relics is utilized. The skeleton line was first proposed to express the three-dimensional models. The adaptive adjustment of the skeleton line extraction algorithm improves the central and topological relationship of the skeleton line. In the end, the length prediction model of the relic is established by regression analysis.
This method mainly solves the problem that the complex geometry of relics is difficult to find in the evidence of virtual restoration and is more scientific and objective than subjective judgment. The effect of virtual restoration can be explained by the results of multiscale spatial geometric analysis of cultural relics. The results of this experiment have been successfully applied to the virtual restoration of the Dazu Thousand-Hand Bodhisattva stone carvings. In addition, the methods and ideas provided in this paper also apply to the virtual restoration of other cultural relics, which has great reference value. Therefore, the method is of great significance to the virtual restoration of complex geometric structures.
